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Abstract. We consider the integrable open chain models formulated in terms
of generators of the Hecke algebra. The spectrum of the Hamiltonians for the
open Hecke chains of finite size with free boundary conditions is deduced for
special (corner type) irreducible representations of the Hecke algebra.
1 Introduction
The A-type Hecke algebra Hn+1 is generated by the elements σi (i = 1, . . . , n)
subject to the relations:
σiσi+1σi = σi+1σiσi+1, (1)
σiσj = σiσj , |i− j| > 1, (2)
σ2i = (q − q
−1)σi + 1, (3)
where q ∈ C\{0} is a parameter. In this paper we consider a restricted class of
representations of Hn+1 corresponding to so called corner Young diagrams (cor-
ner representations) related to Uqsu(1|1) models [1]. In these representations
we calculate the spectrum of the Hamiltonian of the open Hecke chain models
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[2, 3], i.e. the spectrum of the following element of the Hecke algebra
Hˆ =
n∑
i=1
σi, σi ∈ Hn+1. (4)
The paper is organized as follows. In Section 2 we describe the corner type
representations of the Hecke algebra. In Section 3 we calculate the spectrum of
the Hamiltonian for the corner type representations for Young diagrams with
two rows. In Section 4 we establish a relation between the corner type represen-
tation with l rows and the l-th wedge power of the corner type representation
with two rows. Using this and the results of Section 3, we calculate the spectrum
of the Hamiltonian (4) in the general corner type diagram.
2 Representation for the corner type
diagrams {k + 1, 1l}
The representation theory of the Hecke algebras is a well developed subject, see
[4, 5, 6, 7] and references therein. For generic q, it is known that irreducible
representations ρλ of the Hecke algebraHn+1 are labeled by the Young diagrams
λ with n+ 1 boxes and basis elements in the representation space of ρλ can be
indexed by the standard Young tableaux of the shape λ. The standard Young
tableau for the corner diagram {k + 1, 1l} is:
1 j1 j2 . . . jk
i1
i2
...
il

I (5)
Here {i1, . . . , il, j1, . . . , jk} is a (l, k)-shuffle of {2, 3, . . . , k + l, k + l + 1}. The
standard Young tableau is thus determined by the set I = {i1, . . . , il}.
Denote the corresponding representation of the Hecke algebra by ρ(k,l) and
its space by V(k,l). The action of the generators σp, 1 ≤ p ≤ k + l, is
ρ(k,l)(σp)vI = qvI if p, p+ 1 /∈ I, (6)
ρ(k,l)(σp)vI =
−q−p
(p)q
vI +
(p− 1)q
(p)q
vspI if p /∈ I, p+ 1 ∈ I , (7)
ρ(k,l)(σp)vI =
qp
(p)q
vI +
(p+ 1)q
(p)q
vspI if p ∈ I, p+ 1 /∈ I , (8)
ρ(k,l)(σp)vI = −q
−1vI if p, p+ 1 ∈ I , (9)
where (p)q =
qp−q−p
q−q−1 and vspI is the basis vector corresponding to the Young
tableau with the numbers p and p+ 1 interchanged. In the matrix form (eI,J ∈
2
End(Vk,l) are the matrix units, eI,JeK,L=δJKeI,L):
ρ(k,l)(σp) = q
∑
I:p,p+1/∈I
eI,I +
∑
I:p/∈I,p+1∈I
(
− q
−p
pq
eI,I +
(p−1)q
pq
espI,I
)
+
∑
I:p∈I,p+1/∈I
(
qp
pq
eI,I +
(p+1)q
pq
espI,I
)
− q−1
∑
I:p,p+1∈I
eI,I .
(10)
Proposition 2.1 For the Hamiltonian Hˆ ≡
k+l∑
i=1
σi ∈ Hk+l+1 we have
trV(k,l)(ρ(k,l)(Hˆ)) = (qk − q
−1l) dimV(k,l) . (11)
Proof. The dimension of the space V(k,l) is the number of l-element subsets of
{2, 3, . . . , k + l, k + l+ 1}, dimV(k,l) =
(
k + l
l
)
.
By eqs.(6)-(9), the action of the first generator σ1 is diagonal and
tr(ρ(k,l)(σ1)) = qN1 − q
−1N2, N1 =
(
k + l − 1
l
)
, N2 =
(
k + l − 1
l − 1
)
. (12)
Here N1 (resp., N2) is the number of sets I with 2 /∈ I (resp., 2 ∈ I).
Since XσiX
−1 = σi+1 ∀ i ∈ [1, k + l − 1], where X = σ1σ2 . . . σk+l, the
elements σi, i > 1, are conjugate to σ1. Thus tr(ρ(k,l)(σi)) = tr(ρ(k,l)(σ1)) =
qN1 − q
−1N2 and (11) follows.
It turns out that it is more convenient to work with the traceless Hamiltonian
H(k,l)(q) := ρ(k,l)
(
k+l∑
i=1
σi
)
− (q k − q−1 l)1. (13)
3 Spectrum of H(k,1)(q)
Consider the Hecke algebra Hk+2 and its representation ρ(k,1) for the corner
Young diagram {k+1, 1} with only two rows (i.e. l = 1). The dimension of this
representation is k+1. As we shall see in the sequel, the HamiltonianH(k,1)(q) in
this representation is a building block for the construction of the Hamiltonians
H(k,l)(q), corresponding to all corner diagrams {k+1, 1
l}. In the representation
ρ(k,1) the set I (5) consists of only one number, I = {i}, i ∈ {2, . . . , k+2}, and
we use the notation vi = vI for basis vectors and ei,j for matrix units.
Proposition 3.1 In the basis {vi}, the Hamiltonian (13) reads
H(k,1)(q) =
k+1∑
p=2
(
(p+1)qep,p+1+(p−1)qep+1,p
(p)q
−
ep,p
(p)q(p−1)q
)
+
(k)qek+2,k+2
(k+1)q
. (14)
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Proof. According to the general formula (10), we have
ρ(k,1)(σp) = q1+
(p− 1)q
pq
(ep,p+1 − ep,p) +
(p+ 1)q
pq
(ep+1,p − ep+1,p+1) (15)
(here e1,2 = 0 = e2,1). Eq. (14) is a straightforward consequence of (15).
Let D = diag(1, q, q2, . . .). Then the operator DH(k,1)(q)D
−1 possesses a
finite limit H∞(k,1) =
k+1∑
p=2
(epp+1 + ep+1p) when q tends to infinity.
For q ∈ C∗ \ {q | (k + 1)q! = 0} define an upper triangular matrix C(q),
C(q) =
k+2∑
p=2
1
(p− 1)q
epp −
k+1∑
p=2
1
(p)q
epp+1 . (16)
Proposition 3.2 We have
H(k,1)(q)C(q) = C(q)H
∞
(k,1) . (17)
Proof. A direct calculation.
Eq.(17) demonstrates the isospectrality (the q-independence of the spec-
trum) of the family H(k,1)(q). By (17), H(k,1)(q) has the same spectrum as
H∞(k,1). This spectrum is well known (H
∞
(k,1) is the incidence matrix of the
Dynkin diagram of type A), Spec (H∞(k,1)) = {2 cos(
pip
k+2 )}, 1 ≤ p ≤ k + 1. We
summarize the results (obtained by a different method in [8]).
Theorem 3.1 The spectrum of the Hamiltonian (13) for l = 1 is
Spec(H(k,1)(q)) = {2 cos
pip
k + 2
}, p = 1, 2, . . . , k + 1. (18)
Remark. Let N =
∑k+2
p=2 epp −
∑k+1
p=2 epp+1. Then N
−1C(q)C(r)−1N =
diag(1, 2r2q ,
3r
3q
, . . .). In particular, the operators C(q)C(r)−1 commute for differ-
ent values of q and r.
4 Spectrum of H(k,l)(q)
For arbitrary k and l we realize the Hamiltonian H(k,l)(q) in terms of the Hamil-
tonian H(k+l−1,1)(q). The best way to do this is to relate the representations
ρ(k,l) and ρ(k+l−1,1) of the Hecke algebra Hk+l+1.
For a vector space V let An be the antisymmetrizer in V
⊗n defined by
An(v1 ⊗ v2 ⊗ . . . ⊗ vn) =
1
n!
∑
s∈Sn
(−1)l(s)vs(1) ⊗ vs(2) ⊗ . . . ⊗ vs(n) (Sn is the
permutation group and l(s) is the length of a permutation s). Denote σ
(m)
p =
1⊗(m−1) ⊗ ρk+l−1,1(σp) ⊗ 1
⊗(l−m) ∈ End(V ⊗l), where 1 is the identity matrix
in V . Denote by V ∧l the wedge power of V , V ∧l = AlV
⊗l.
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Proposition 4.1 The following identity holds
q1−lAl(σ
(1)
p σ
(2)
p . . . σ
(l)
p )Al = Al
(
l∑
m=1
σ(m)p − (l − 1) q 1
⊗l
)
Al. (19)
Proof. The formula (19) is proved by induction using the l = 2 case,
q−1A2
(
σ(1)p σ
(2)
p
)
A2 = A2
(
σ(1)p + σ
(2)
p − q 1
⊗2
)
A2 , (20)
which can be written in the form
A2
(
σ(1)p − q 1
)(
σ(2)p − q 1
)
A2 = 0 (21)
and directly deduced from (15).
Proposition 4.2 The set of matrices
ρ˜(k,l)(σp) = q
1−lAl(ρk+l−1,1(σp)⊗ . . .⊗ ρk+l−1,1(σp))Al (22)
defines a representation of the Hecke algebra Hk+l+1 in V
∧l
k+l−1,1.
Proof. The braid relations (1) and the locality (2) follows from the multiplica-
tive structure of ρ˜(k,l)(σp) and the fact that ρk+l−1,1(σp) is a representation.
The Hecke condition (3) can be proved by induction using (19).
Proposition 4.2 can be generalized as follows.
Proposition 4.3 Let ρ1 and ρ2 be representations of the Hecke algebra Hn
in spaces V1 and V2, respectively. Assume that an idempotent A ∈ End(V1⊗V2),
A2 = A, commutes with ρ1(σp) ⊗ ρ2(σp) and ρ1(σp) ⊗ 1 + 1 ⊗ ρ2(σp) for any
p = 1, 2, . . . , n− 1 and satisfies(
(q − q−1 − α)ρ1(σp)⊗ρ2(σp)+ρ1(σp)⊗1+1⊗ρ2(σp)+
1−α2
q−q−1 1⊗1
)
A=0 (23)
for some α 6= 0. Then ρ(σp) := α
−1Aρ1(σp)⊗ ρ2(σp) is a representation of the
Hecke algebra Hn in the image A(V1 ⊗ V2) of A.
Proof. A direct calculation, as in the previous Proposition.
The condition in (23) factorizes as in (21) only if α = q,−q−1.
The map ι : vi1 ∧ vi2 ∧ . . . ∧ vil 7→ vI , I = {i1, . . . , il}, i1 < i2 < . . . < il, is
an isomorphism of the vector spaces V ∧lk+l−1,1 and V(k,l) (and we use the same
notation vI for basis vectors of both spaces). Now we identify the representation
(22) with the irreducible representation ρ(k,l).
Proposition 4.4 The map ι intertwines the representations ρ˜(k,l) and ρ(k,l).
Proof. We directly verify eqs.(6)-(9) for ρ˜(k,l). Note that the matrices ρ˜(k,l)(σp)
can be written in the form
ρ˜k,l(σp) = q
1−lAl(ρk+l−1,1(σp)⊗ . . .⊗ ρk+l−1,1(σp))
= q1−l(ρk+l−1,1(σp)⊗ . . .⊗ ρk+l−1,1(σp))Al,
(24)
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where the antisymmetrizers act from the left or from the right only.
If p, p+ 1 /∈ I then (omitting the sign of the tensor product)
ρ˜k,l(σp)(vi1 ∧ . . . ∧ vil) = q
1−lAl(σ
(1)
p σ
(2)
p . . . σ
(l)
p )vi1vi2 . . . vil
= qAl(vi1 . . . vil) = qvI ,
(25)
which proves (6). If p ∈ I, p+ 1 /∈ I then
ρ˜k,l(σp)(vi1 ∧ . . . ∧ vp ∧ . . . ∧ vil) = q
1−lAl(σ
(1)
p . . . σ
(l)
p )vi1 . . . vp . . . vil
= Al
(
vi1 . . . (
qp
(p)q
vp +
(p+ 1)q
(p)q
vp+1) . . . vil
)
=
qp
(p)q
vI +
(p+ 1)q
(p)q
vspI ,
(26)
which coincides with (8). We used that vi1 ∧ . . . ∧ vp+1 ∧ . . . ∧ vil = vspI since
p+ 1 /∈ I. Eq.(7) can be proved in the same way. Finally, if p, p+ 1 ∈ I then
ρ˜k,l(σp)(vi1 ∧ . . . ∧ vp ∧ vp+1 ∧ . . . ∧ vil)
= Al(vi1 . . . (
qp
(p)q
vp +
(p+ 1)q
(p)q
vp+1)(−
q−p
pq
vp+1 +
(p− 1)q
pq
vp) . . . vil)
=
q−1
(p)2q
Al(−vi1 . . . vpvp+1 . . . vil + q
p(p− 1)qvi1 . . . vpvp . . . vil
−q−p(p+ 1)qvi1 . . . vp+1vp+1 . . . vil + (p+ 1)q(p− 1)qvi1 . . . vp+1vp . . . vil)
= −
q−1
(p)2q
(vI + (p+ 1)q(p− 1)qvI) = −q
−1vI ,
(27)
which coincides with (9).
Now one can find eigenvalues for H(k,l)(q) using the results of Section 3.
Theorem 4.1 The family H(k,l)(q) is isospectral with the spectrum
Spec(H(k,l)(q)) =
{
l∑
i=1
2 cos
pimi
k + l + 1
, 1 ≤ m1 < m2 . . . < ml ≤ k + l
}
. (28)
Proof. Due to propositions 4.1 and 4.3, the Hamiltonian H(k,l)(q) equals
H(k,l)(q) =
(
n∑
p=1
ρ˜k,l(σp)− (qk − lq
−1)1
)
Al
=
(
n∑
p=1
l∑
i=1
(σ(i)p − (l − 1)q1)− (kq − lq
−1)1
)
Al =
(
l∑
i=1
H(i)
)
Al,
(29)
where H(i) = 1⊗(i−1) ⊗H(k+l−1,1)(q) ⊗ 1
⊗(l−i). The isospectrality of H(k,l)(q)
follows from proposition 3.2.
Let {ψm}, 1 ≤ m ≤ k+ l, be the eigenbasis of H(k+l−1,1)(q). By (29), {ψI},
where ψI = ψm1 ∧ψm2 ∧ . . .∧ψml , 1 ≤ m1 < . . . < ml ≤ k+ l, is the eigenbasis
of the Hamiltonian H(k,l)(q) and (28) follows.
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Note added in proof. After submission of this report, we became aware of
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